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Results and discussion {#Sec2}
======================

In this section, we derive our main results.

Sums and divisibility properties {#Sec3}
--------------------------------

In this subsection, we deal with the sums and divisibility properties of numbers mentioned. First, we reformulate ([11](#Equ11){ref-type=""}) in terms of Pell and Pell-Lucas numbers as follows.

### Theorem 1 {#FPar1}

*The sum of the first* *n* *nonzero terms of* $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum_{i=1}^{n}a_{i}= \textstyle\begin{cases} \frac{17P_{2n-1}+7P_{2n-2}-3}{2}, \\ \frac{5Q_{2n}+2Q_{2n-1}-6}{4}. \end{cases}\displaystyle \end{aligned}$$ \end{document}$$

### Proof {#FPar2}

Since $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} \sum_{i=1}^{n}a_{i} =& \frac{5a_{n}-a_{n-1}-6}{4} \\ =&\frac{5(P_{2n}+P_{2n+1})-(P_{2n-2}+P_{2n-1})-6}{4} \\ =&\frac{5P_{2n}+5(2P_{2n}+P_{2n-1})-P_{2n-2}-P_{2n-1}-6}{4} \\ =&\frac{15(2P_{2n-1}+P_{2n-2})+4P_{2n-1}-P_{2n-2}-6}{4} \\ =&\frac{17P_{2n-1}+7P_{2n-2}-3}{2}. \end{aligned}$$ \end{document}$$The second result can be proved similarly. □

### Theorem 2 {#FPar3}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n}=P_{n+1}+P_{n}$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$n\geq 0$\end{document}$, *and the sum of the first* *n* *nonzero terms of* $\documentclass[12pt]{minimal}
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### Proof {#FPar4}
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### Theorem 3 {#FPar5}
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### Proof {#FPar6}

\(1\) Let *n* be even, say $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} 1+\sum_{i=1}^{2n-1}{P_{i}} =&1+ \frac{P_{2n-1}+P_{2n}-1}{2} \\ =&\frac{P_{2n-1}+P_{2n}+1}{2} \\ =&\frac{\frac{\alpha ^{4k-1}-\beta ^{4k-1}+\alpha ^{4k}-\beta ^{4k}}{2\sqrt{2}}+1}{2} \\ =&\frac{\alpha ^{4k}(\alpha ^{-1}+1)+\beta ^{4k}(-\beta ^{-1}-1)+2\sqrt{2}}{4\sqrt{2}} \\ =&\frac{\alpha ^{4k}+\beta ^{4k}+2(\alpha \beta )^{2k}}{4} \\ =& \biggl( \frac{\alpha ^{2k}+\beta ^{2k}}{2} \biggr) ^{2} \\ =&\biggl(\frac{Q_{n}}{2}\biggr)^{2}. \end{aligned}$$ \end{document}$$The other cases can be proved similarly. □

### Theorem 4 {#FPar7}

*For the sequences mentioned*, *we have* $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \sum_{i=1}^{2n+1}{a_{i}}={a_{n}} {a_{n+1}},\qquad \sum_{i=1}^{2n}{a_{i}}=4B_{n+1}P_{2n} , \\& \sum_{i=1}^{2n+1}{B_{i}}={a_{n}} {B_{n+1}},\qquad \sum_{i=0}^{2n}{Y_{2i+1}}=2a_{n}P_{2n+2}, \\& \sum_{i=1}^{2n+1}{Q_{i}}={2(P_{2n+2}-1)}, \qquad \sum_{i=1}^{2n+1}{P_{i}}= \textstyle\begin{cases} (a_{\frac{n}{2}})^{2} , & n \textit{ even}, \\ Y_{n}P_{n+1}, & n \textit{ odd}, \end{cases}\displaystyle \\& \sum_{i=1}^{2n}{P_{2i}}={a_{n}} {P_{2n}}, \qquad \sum_{i=1}^{2n}{P_{i}}= \textstyle\begin{cases} 2P_{n}P_{n+1} , & n \textit{ even}, \\ a_{\frac{n-1}{2}}X_{n}, & n \textit{ odd}, \end{cases}\displaystyle \\& \sum_{i=1}^{2n}{X_{2i}}={8X_{n}} {P_{n+1}} {B_{n}}, \qquad \sum_{i=1}^{2n}{B_{i}}=a_{n}B_{n}, \\& \sum_{i=1}^{2n}{Q_{i}}={4b_{n+1}}, \qquad \sum_{i=1}^{2n}{B_{2i}}=P_{2n}P_{2n+1}X_{2n}C_{n}, \\& \sum_{i=1}^{2n}{Y_{2i-1}}={2a_{n}} {P_{2n}}, \qquad \sum_{i=1}^{2n}{a_{2i-1}}=a_{2n}P_{2n}X_{2n-1}, \\& \sum_{i=0}^{2n}{P_{2i+1}}={a_{n}} {P_{2n+1}}, \qquad \sum_{i=1}^{2n}{X_{2i-1}}=P_{2n+1}Y_{2n-1}, \\& \sum_{i=1}^{2n}{P_{2i-1}}={X_{2n-1}} {P_{2n}}, \qquad \sum_{i=0}^{2n}{a_{2i+1}}=a_{n}P_{2n+1}X_{4n+2}, \\& \sum_{i=1}^{2n}{a_{2i}}={B_{2n}} {a_{2n+1}}, \qquad \sum_{i=1}^{2n}{Q_{2i}}=2P_{2n+1}Y_{2n-1}. \end{aligned}$$ \end{document}$$

### Proof {#FPar8}

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i=1}^{2n+1}{a_{i}}=\frac{ 29a_{2n}-5a_{2n-1} - 6}{ 4} $\end{document}$ by ([11](#Equ11){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum_{i=1}^{2n+1}a_{i} =& \frac{29 ( \frac{\alpha ^{4n+1}+\beta ^{4n+1}}{2 } ) -5 ( \frac{\alpha ^{4n-1}+\beta ^{4n-1}}{2} ) -6}{4} \\ =&\frac{\alpha ^{4n}(29\alpha -5\alpha ^{-1})+\beta ^{4n}(29\beta -5\beta ^{-1})-12}{8} \\ =&\frac{\alpha ^{4n}(17+12\sqrt{2})+\beta ^{4n}(17-12\sqrt{2})-6}{4} \\ =&\frac{\alpha ^{4n+4}+\beta ^{4n+4}-6}{4} \\ =&\frac{\alpha ^{4n+4}+\beta ^{4n+4}-(\alpha \beta )^{2n+1}(\beta ^{2}+\alpha ^{2})}{4} \\ =& \biggl( \frac{\alpha ^{2n+1}+\beta ^{2n+1}}{2} \biggr) \biggl( \frac{\alpha ^{2n+3}+\beta ^{2n+3}}{2} \biggr) \\ =&a_{n}a_{n+1}. \end{aligned}$$ \end{document}$$ The other cases can be proved similarly. □

From Theorem [4](#FPar7){ref-type="sec"} we have the following result.

### Theorem 5 {#FPar9}

*For the divisibility properties*, *we have* *If* *n* *is even*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{\frac{n}{2}}\vert \sum_{i=1}^{2n+1}{P_{i}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}\vert \sum_{i=1}^{2n}{P_{i}}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n+1}\vert \sum_{i=1}^{2n}{P_{i}} $\end{document}$, *and if* *n* *is odd*, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y_{n}\vert \sum_{i=1}^{2n+1}{P_{i}} $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n+1}\vert \sum_{i=1}^{2n+1}{P_{i}} $\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{\frac{n-1}{2}}\vert \sum_{i=1}^{2n}{P_{i}} $\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n}\vert \sum_{i=1}^{2n}{P_{i}} $\end{document}$.*For every* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& a_{n}\Bigg\vert \sum_{i=0}^{2n}{a_{2i+1}}, \qquad P_{2n+1}\Bigg\vert \sum_{i=0}^{2n}{a_{2i+1}}, \qquad X_{4n+2}\Bigg\vert \sum_{i=0}^{2n}{a_{2i+1}}, \qquad a_{2n}\Bigg\vert \sum_{i=1}^{2n}{a_{2i-1}}, \\& a_{n}\Bigg\vert \sum_{i=1}^{2n+1}{a_{i}}, \qquad a_{n+1}\Bigg\vert \sum_{i=1}^{2n+1}{a_{i}}, \qquad a_{n}\Bigg\vert \sum_{i=1}^{2n+1}{B_{i}}, \qquad B_{n+1}\Bigg\vert \sum_{i=1}^{2n+1}{B_{i}}, \\& a_{n}\Bigg\vert \sum_{i=1}^{2n}{B_{i}}, \qquad B_{n+1}\Bigg\vert \sum_{i=1}^{2n}{a_{i}}, \qquad P_{2n}\Bigg\vert \sum_{i=1}^{2n}{a_{i}}, \qquad B_{n}\Bigg\vert \sum_{i=1}^{2n}{B_{i}}, \\& a_{2n+1}\Bigg\vert \sum_{i=1}^{2n}{a_{2i}}, \qquad b_{n+1}\Bigg\vert \sum_{i=1}^{2n}{Q_{i}}, \qquad a_{n}\Bigg\vert \sum_{i=0}^{2n}{X_{2i+1}}, \qquad P_{2n}\Bigg\vert \sum_{i=1}^{2n}{a_{2i-1}}, \\& X_{2n-1}\Bigg\vert \sum_{i=1}^{2n}{a_{2i-1}}, \qquad a_{n}\Bigg\vert \sum_{i=1}^{2n}{P_{2i}}, \qquad P_{2n}\Bigg\vert \sum_{i=1}^{2n}{P_{2i}}, \qquad B_{2n}\Bigg\vert \sum_{i=1}^{2n}{a_{2i}}, \\& P_{2n}\Bigg\vert \sum_{i=1}^{2n}{Q_{2i-1}}, \qquad a_{n}\Bigg\vert \sum_{i=0}^{2n}{Q_{2i+1}}, \qquad P_{2n+1}\Bigg\vert \sum_{i=1}^{2n}{X_{2i-1}}, \qquad P_{n}\Bigg\vert \sum_{i=1}^{2n}{B_{2i-1}}, \\& Y_{2n-1}\Bigg\vert \sum_{i=1}^{2n}{X_{2i-1}}, \qquad a_{n}\Bigg\vert \sum_{i=0}^{2n}{Y_{2i+1}}, \qquad P_{2n+2}\Bigg\vert \sum_{i=0}^{2n}{Y_{2i+1}}, \qquad a_{n}\Bigg\vert \sum_{i=1}^{2n}{Y_{2i-1}}, \\& P_{2n}\Bigg\vert \sum_{i=1}^{2n}{Y_{2i-1}}, \qquad P_{2n+1}\Bigg\vert \sum_{i=0}^{2n}{B_{2i+1}}, \qquad a_{n}\Bigg\vert \sum_{i=0}^{2n}{B_{2i+1}}, \qquad X_{n-1}\Bigg\vert \sum_{i=1}^{2n}{B_{2i-1}}, \\& P_{2n+1}\Bigg\vert \sum_{i=1}^{2n}{B_{2i}}, \qquad P_{2n+1}\Bigg\vert \sum_{i=1}^{2n}{Q_{2i}}, \qquad Y_{2n-1}\Bigg\vert \sum_{i=1}^{2n}{Q_{2i}}, \qquad P_{2n}\Bigg\vert \sum_{i=1}^{2n}{B_{2i}}, \\& X_{n}\Bigg\vert \sum_{i=1}^{2n}{X_{2i}}, \qquad P_{n+1}\Bigg\vert \sum_{i=1}^{2n}{X_{2i}}, \qquad B_{n}\Bigg\vert \sum_{i=1}^{2n}{X_{2i}}, \qquad X_{2n}\Bigg\vert \sum_{i=1}^{2n}{B_{2i}}. \end{aligned}$$ \end{document}$$

Finally, we give the following result.

### Theorem 6 {#FPar10}

*For the sequences* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Y_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{n}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{ \sum_{i=0}^{2n}{a_{2i+1}} }{ \sum_{i=0}^{2n}{P_{2i+1}} }=X_{4n+2}, \qquad \frac{ \sum_{i=1}^{2n}{a_{2i-1}} }{ \sum_{i=1}^{2n}{P_{2i-1}} }=a_{2n}, \qquad \frac{ \sum_{i=0}^{2n}{B_{2i+1}} }{ \sum_{i=0}^{2n}{Q_{2i+1}} }=\frac{P_{2n+1}^{2}}{2}, \\& \frac{ \sum_{i=1}^{2n}{Q_{2i}} }{ \sum_{i=1}^{2n}{X_{2i-1}} }=2, \qquad \frac{ \sum_{i=1}^{2n}{Y_{2i-1}}}{ \sum_{i=1}^{2n}{P_{2i}} }=2. \end{aligned}$$ \end{document}$$

Perfect squares {#Sec4}
---------------

We see in ([5](#Equ5){ref-type=""}) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{n}$\end{document}$ is a balancing number if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$8B_{n}^{2}+1$\end{document}$ is a perfect square and that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{n}$\end{document}$ is a cobalancing number if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$8b_{n}^{2}+8b_{n}+1$\end{document}$ is a perfect square. Similarly, we can give the following result.

### Theorem 7 {#FPar11}

*For every* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{Q_{4n+2}-2}{4}$\end{document}$ *is a perfect square and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{\frac{ Q_{4n+2}-2}{4}}=a_{n}$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2P_{2n-1}^{2}-1$\end{document}$ *is a perfect square*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{2P_{2n-1}^{2}-1} =a_{n-1}$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2P_{2n}^{2}+1$\end{document}$ *is a perfect square*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{2P_{2n}^{2}+1} =C_{n}$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{2n+1}^{2}+P_{2n}P_{2n+2}$\end{document}$ *is a perfect square*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{ P_{2n+1}^{2}+P_{2n}P_{2n+2}}=X_{2n}$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{2n}^{2}+P_{2n-1}^{2}+P_{4n}-1$\end{document}$ *is a perfect square*, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{ P_{2n}^{2}+P_{2n-1}^{2}+P_{4n}-1}=Y_{2n-1}$\end{document}$.

### Proof {#FPar12}

\(1\) Applying the Binet formulas, we deduce that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sqrt{\frac{Q_{4n+2}-2}{4}} =&\sqrt{\frac{\alpha ^{4n+2}+\beta ^{4n+2}-2}{4}} =\sqrt{ \frac{\alpha ^{4n+2}+\beta ^{4n+2}+2(\alpha \beta )^{2n+1}}{4}} \\ =&\sqrt{ \biggl( \frac{\alpha ^{2n+1}+\beta ^{2n+1}}{2} \biggr) ^{2}}= \frac{ \alpha ^{2n+1}+\beta ^{2n+1}}{2}=a_{n}, \end{aligned}$$ \end{document}$$ as claimed. The other cases can be proved similarly. □

As in Theorem [7](#FPar11){ref-type="sec"}, we can give the following result.

### Theorem 8 {#FPar13}

*For the sequences* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{n}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{n}$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}$\end{document}$, *we have* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sqrt{\sum_{i=0}^{2n}{B_{2i+1}}}=a_{n}P_{2n+1}, \qquad \sqrt{\sum_{i=1}^{2n}{B_{2i-1}}}=2C_{n}X_{n-1}P_{n}, \\& \sqrt{\frac{ \sum_{i=0}^{2n}{Q_{2i+1}} }{2}}=a_{n},\qquad \sqrt{\sum _{i=1}^{2n}{Q_{2i-1}}}=2P_{2n}. \end{aligned}$$ \end{document}$$

### Proof {#FPar14}

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{n}=\frac{\alpha ^{2n}-\beta ^{2n}}{4\sqrt{2}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}=\frac{\alpha ^{n}-\beta ^{n}}{2\sqrt{2}}$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{n}=\frac{\alpha ^{2n+1}+\beta^{2n+1}}{2}$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sqrt{\sum_{i=0}^{2n}{B_{2i+1}}} =&\sqrt{B_{1}+B_{3}+\cdots +B_{4n+1}} \\ =&\sqrt{\frac{\alpha ^{2}-\beta ^{2}}{4\sqrt{2}}+\frac{\alpha ^{6}-\beta ^{6} }{4\sqrt{2}}+\cdots +\frac{\alpha ^{8n+2}-\beta ^{8n+2}}{4\sqrt{2}}} \\ =&\sqrt{\frac{1}{4\sqrt{2}} \biggl( \frac{\alpha ^{8n+6}-\alpha ^{2}}{\alpha ^{4}-1}-\frac{\beta ^{8n+6}-\beta ^{2}}{\beta ^{4}-1} \biggr) } \\ =&\sqrt{\frac{\alpha ^{8n+4}-1}{32}+\frac{\beta ^{8n+4}-1}{32}} \\ =&\sqrt{ \biggl( \frac{\alpha ^{4n+2}+\beta ^{4n+2}-2(\alpha \beta )^{2n+1}}{8} \biggr) \biggl( \frac{\alpha ^{4n+2}+\beta ^{4n+2}+2(\alpha \beta )^{2n+1}}{4} \biggr) } \\ =&\sqrt{ \biggl( \frac{\alpha ^{2n+1}+\beta ^{2n+1}}{2} \biggr) ^{2} \biggl( \frac{\alpha ^{2n+1}-\beta ^{2n+1}}{2\sqrt{2}} \biggr) ^{2}} \\ =&a_{n}P_{2n+1}. \end{aligned}$$ \end{document}$$ The other cases can be proved similarly. □

Continued fraction expansion {#Sec5}
----------------------------

### Theorem 9 {#FPar15}

*The continued fraction expansion of* $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\frac{a_{n+1}}{a_{n}}$\end{document}$ *is* $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{a_{n+1}}{a_{n}}=\bigl[5;(1,4)_{n-1},1,6\bigr] \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{mathrsfs}
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                \begin{document}$(x)_{k}$\end{document}$ *means that there are* *k* *successive terms 'x'*).

### Proof {#FPar16}

Let $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{a_{2}}{a_{1}}=\frac{41}{7}=5+\frac{1}{1+\frac{1}{6}}=[5;1,6]. \end{aligned}$$ \end{document}$$ Let us assume that it is satisfied for $\documentclass[12pt]{minimal}
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Companion matrix {#Sec6}
----------------

The companion matrix for Pell numbers is $\documentclass[12pt]{minimal}
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### Theorem 10 {#FPar17}
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Pythagorean triples {#Sec7}
-------------------
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### Theorem 11 {#FPar18}
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### Proof {#FPar19}

Applying the Binet formulas, we deduce that $$\documentclass[12pt]{minimal}
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The Pell equation {#Sec8}
-----------------

Let *d* be any positive nonsquare integer, and let *N* be any fixed integer. Then the equation $$\documentclass[12pt]{minimal}
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                \begin{document}$x^{2}-dy^{2}=-N$\end{document}$ is the negative Pell-type equation. It is named after John Pell (1611-1685), a mathematician who searched for integer solutions to equations of this type in the seventeenth century. Ironically, Pell was not the first to work on this problem, nor did he contribute to our knowledge for solving it. Euler (1707-1783), who brought us the *ψ*-function, accidentally named the equation after Pell, and the name stuck.
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It is known that there is a connection between integer sequences and Pell equations. For instance, Olajas \[[@CR9]\] gave the integer solutions to $\documentclass[12pt]{minimal}
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### Theorem 12 {#FPar20}

(\[[@CR9], Thm. 2.17\])
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### Theorem 13 {#FPar21}

(\[[@CR24], Thm. 1\])

*The terms of the second*-*order linear recurrence* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R(6,-1,1,6)$\end{document}$ *are the solutions of the equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z^{2}-8y^{2}=1$\end{document}$ *for some integer* *z*.

Now we can return to our main problem. We consider the integer solutions of the Pell equations $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x^{2}-8y^{2}=1,\qquad x^{2}-2y^{2}=\pm 4,\quad \mbox{and}\quad x^{2}-8y^{2}=\pm 4. \end{aligned}$$ \end{document}$$

### Theorem 14 {#FPar22}

*For the positive Pell equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{2}-8y^{2}=1$\end{document}$, *we have*: *The integer solutions are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})=(\frac{Q_{2n}}{2},\frac{P_{2n} }{2})$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$.*The integer solutions satisfy the recurrence relation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{n}=\frac{5(Q_{2n-2}+Q_{2n-4})-Q_{2n-6}}{2}\quad \textit{and}\quad y_{n}= \frac{ 5(P_{2n-2}+P_{2n-4})-P_{2n-6}}{2} \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 3$\end{document}$.*The negative Pell equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{2}-8y^{2}=-1$\end{document}$ *has no integer solutions*.*For the positive Pell equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{2}-2y^{2}=4$\end{document}$, *we have*: *The integer solutions are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})=(Q_{2n},Y_{2n-1})$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$.*The integer solutions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})$\end{document}$ *satisfy the recurrence relation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{n}=5(Q_{2n-2}+Q_{2n-4})-Q_{2n-6}\quad \textit{and}\quad y_{n}=5(Y_{2n-3}+Y_{2n-5})-Y_{2n-7} \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 4$\end{document}$.*For the negative Pell equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{2}-2y^{2}=-4$\end{document}$, *we have*: *The integer solutions are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})=(Q_{2n-1},Y_{2n-2})$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$.*The integer solutions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})$\end{document}$ *satisfy the recurrence relation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{n}=5(Q_{2n-3}+Q_{2n-5})-Q_{2n-7}\quad \textit{and}\quad y_{n}=5(Y_{2n-4}+Y_{2n-6})-Y_{2n-8} \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 4$\end{document}$.*For the positive Pell equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{2}-8y^{2}=4$\end{document}$, *we have*: *The integer solutions are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})=(Q_{2n},P_{2n})$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$ .*The integer solutions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})$\end{document}$ *satisfy the recurrence relation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{n}=5(Q_{2n-2}+Q_{2n-4})-Q_{2n-6}\quad \textit{and}\quad y_{n}=5(P_{2n-2}+P_{2n-4})-P_{2n-6} \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 3$\end{document}$.*For the negative Pell equation* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{2}-8y^{2}=-4$\end{document}$, *we have*: *The integer solutions are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})=(Q_{2n-1},P_{2n-1})$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$.*The integer solutions* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{n},y_{n})$\end{document}$ *satisfy the recurrence relation* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x_{n}=5(Q_{2n-3}+Q_{2n-5})-Q_{2n-7}\quad \textit{and}\quad y_{n}=5(P_{2n-3}+P_{2n-5})-P_{2n-7} \end{aligned}$$ \end{document}$$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 4$\end{document}$.

### Proof {#FPar23}

(1a) Notice that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{n}=\alpha ^{n}+\beta ^{n}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{n}=\frac{\alpha ^{n}-\beta ^{n}}{2\sqrt{2}}$\end{document}$. So $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} x^{2}-8y^{2}&=\biggl(\frac{Q_{2n}}{2} \biggr)^{2}-8\biggl(\frac{P_{2n}}{2}\biggr)^{2}= \frac{(\alpha ^{2n}+\beta ^{2n})^{2}-8 ( \frac{\alpha ^{2n}-\beta ^{2n}}{2\sqrt{2}} ) ^{2}}{4} \\ &=\frac{\alpha ^{4n}+2(\alpha \beta )^{2n}+\beta ^{4n}-(\alpha ^{4n}-2(\alpha \beta )^{2n}+\beta ^{4n})}{4} \\ &\begin{aligned} &=\frac{4(\alpha \beta )^{2n}}{4} \\ &=1 \end{aligned} \end{aligned}$$ \end{document}$$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \beta =-1$\end{document}$.

(1b) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{5(Q_{2n-2}+Q_{2n-4})-Q_{2n-6}}{2} =&\frac{ 5Q_{2n-2}+5Q_{2n-4}-(2Q_{2n-5}+Q_{2n-6})+2Q_{2n-5}}{2} \\ =&\frac{5Q_{2n-2}+2(2Q_{2n-4}+Q_{2n-5})}{2} \\ =&\frac{2Q_{2n-1}+Q_{2n-2}}{2} \\ =&\frac{Q_{2n}}{2} \\ =&x_{n}. \end{aligned}$$ \end{document}$$ Similarly, it can be shown that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y_{n}=\frac{5(P_{2n-2}+P_{2n-4})-P_{2n-6}}{2} $\end{document}$.
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It is known that there are a number of applications of Pell and Fibonacci sequences on the theory of numbers. For instance, Sellers proved in \[[@CR25], Thm. 2.1\] that the number of domino tilings of the graph $\documentclass[12pt]{minimal}
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Cassini's identity for Fibonacci number is $\documentclass[12pt]{minimal}
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Using Fibonacci numbers, Dujella \[[@CR29]\] defined the elliptic curve (see \[[@CR30]\]) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} E_{k}:y^{2}=(F_{2k}x+1) (F_{2k+2}x+1) (F_{2k+4}x+1) \end{aligned}$$ \end{document}$$and determined the integer points on it by terms of Fibonacci numbers when the rank of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$E_{k}(\mathbb{Q})$\end{document}$ is 1.

It is known that there are several identities on Fibonacci and Lucas numbers. Some of them can be given as $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(L_{k}^{2})$\end{document}$-quadruple.

Dujella and Ramasamy \[[@CR32]\] considered the Fibonacci numbers and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(4)$\end{document}$-quadruple. They proved that the set $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \{F_{2k},5F_{2k},4F_{2k+2},4L_{2k}F_{4k+2} \} \end{aligned}$$ \end{document}$$is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(4)$\end{document}$-quadruple. Also, they considered integer solutions of the Pell equations by using a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(4)$\end{document}$-quadruple.

In the future work, we are planing to study $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D(n)$\end{document}$-quadruples for the sequences mentioned for some *n*.

Conclusion {#Sec9}
==========

In this work, we deduced some new results on Pell, Pell-Lucas, and balancing numbers including sums, divisibility properties, perfect squares, and integer solutions of some specific Pell equations.
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